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Detecting communities in complex networks accurately is a prime challenge, preceding further
analyses of network characteristics and dynamics. Until now, community detection took into account
only positively valued links, while many actual networks also feature negative links. We extend an
existing (spin glass) approach to incorporate negative links as well, resulting in a method similar to
the clustering of signed graphs, but more accurate and more general. To illustrate our method, we
applied it to a network of international alliances and disputes. Using data from 1993–2001, it turns
out that the world can be divided into six power blocs similar to Huntington’s civilizations, with
some notable exceptions.
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I. INTRODUCTION

Many complex phenomena can be represented as net-
works, and subsequently be analyzed fruitfully [1, 2, 3].
One of the first targets of network analysis is the de-
tection of communities on the basis of the links, i.e. the
possibly valued, or weighted, arcs or edges that connect
the nodes. Intuitively, an assignment of nodes to com-
munities should be such that links within communities
are relatively dense and between communities relatively
sparse. This means that we should compare actual den-
sities to expected densities of links within and between
communities. Furthermore, since nodes, for example hu-
mans or proteins, can be members of different commu-
nities at the same time, e.g. organizations or protein
complexes, respectively, the assignment should allow for
the possibility that communities overlap.

In approaches to find appropriate community assign-
ments, much progress has been made in recent years [4,
5, 6]. While current approaches take for granted that
links are positively valued, scientists in numerous fields
grapple with networks that also have negative links, for
example neural networks, semantic webs, genetic regula-
tory networks, and last but certainly not least, social net-
works. In this paper, we generalize an existing spin glass
model [7] for positive links to incorporate negative links
as well. We will follow the intuition that the assignment
of nodes related by negative links should be done the op-
posite way of positive links, with negative links sparse
within and more dense between communities, generaliz-
ing an old idea from social balance theory [8]. We will
then show our approach at work in a network wherein
conflicts and alliances between national states are repre-
sented by negative and positive links, respectively.

Our approach is based on the concept of modularity,
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which quantifies the discrepancy between communities
in actual networks and in their random counterparts [9].
Recently, it was shown that modularity might miss small
communities embedded in larger ones [10], and is less
accurate if the actual communities are highly different
in size [11]. Our method, which is an extension of a
Potts spin glass model [7], has two balancing parameters
that address this problem to some extent [12]. Yet com-
munity detection through modularity remains a global
rather than a local approach.

II. MODULARITY

We start by considering a directed binary graph G with
n vertices and m links, which, as we will see, can be eas-
ily generalized to weighted graphs. We denote the total
number of positive links in G as m+ and the negative
links as m−, hence m = m+ + m−. We define the adja-
cency matrix of G as follows: if a positive link is present
from node i to node j, Aij = 1, if a negative link is
present Aij = −1, and Aij = 0 otherwise. We separate
the negative and positive links by setting A+

ij = Aij if
Aij > 0 and zero otherwise, and A−ij = −Aij if Aij < 0
and zero otherwise, such that Aij = A+

ij −A
−
ij . The pos-

itive and negative in- and outdegrees of i are defined as

−kouti =
∑
j A
−
ij

−kini =
∑
j A
−
ji

+kouti =
∑
j A

+
ij

+kini =
∑
j A

+
ji.

(1)

For a weighted graph with weights ωij , we set Aij = ωij ,
and keep the above definitions as they are.

Our challenge is to assign each node i to one of c com-
munities σi ∈ {1, . . . , c}. The complete configuration of
community assignments is denoted by {σ}, which assigns
each node i = 1, . . . , n to a community σ1, . . . , σn. Fol-
lowing our intuition, we should reward (i) positive inter-
nal links; (ii) the absence of positive external links; (iii)
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the absence of negative internal links; and, (iv) negative
external links. Doing so results in a modularity1 Q,

Q({σ}) =
1
m

∑
ij

aijA
+
ijBσiσj

(2)

+bij(1−A+
ij)(1−Bσiσj

)

+cij(1−A−ij)Bσiσj

+dijA−ij(1−Bσiσj
).

If links between community σi and σj are allowed,
Bσiσj = 1, else Bσiσj = 0. This is arguably the most
general formulation of modularity, which can also be used
to assign roles of nodes based on their pattern of rela-
tions [13]. Here we consider only Bσiσj

= δ(σi, σj), where
δ(σi, σj) = 1 if σi = σj and zero otherwise. Hence, only
positive links within communities are rewarded, while
links between communities are “punished,” thereby gear-
ing modularity towards optimizing community detection.
By dropping all terms not depending on the specific con-
figuration, we can simplify equation (2) to

Q({σ}) =
1
m

∑
ij

(
(aij + bij)A+

ij+

(cij + dij)A−ij − (bij − cij)
)
δ(σi, σj).

(3)

We want to balance the rewarded and the punished
links, and, writing +/− as a shorthand for positive
or negative, we do so by considering p

+/−
ij , such that∑

ij p
+/−
ij =

∑
ij A

+/−
ij , and by setting

bij = γp+
ij

aij = 1− γp+
ij

cij = λp−ij

dij = 1− λp−ij .

When γ = λ = 1, this leads to equal contributions of
present and absent links, positive and negative. These
two parameters thus balance the penalties for absent and
present links in an assignment. If the researcher increases
γ, the communities retrieved will exhibit higher density
of positive links than for lower values of γ. If λ is in-
creased, the density of negative internal links will be
higher than for lower λ. Increasing γ and decreasing λ set
higher thresholds for finding communities. These param-
eters may thus be used to find larger (overlapping) super
communities, or to detect smaller subcommunities hier-
archically nested in larger ones. The latter option helps

1 Our equation (2) is a spin-off from a spin glass Hamiltonian [7],
from which the Girvan-Newman modularity [14] was inferred as
a special case. An assignment for which modularity is maximal,
then, is the ground state of the pertaining spin glass.

to overcome a shortcoming of modularity, which for the
default parameter setting tends to overlook small (sub)
communities [10]. If we set λ = γ = 0, we can direct our
search towards finding completely separate communities.

Using the above assumptions and the fact that A+ −
A− = A, we can simplify (3) to:

Q({σ}) =
1
m

∑
ij

(Aij − (bij − cij))δ(σi, σj). (4)

This definition resembles the original definition of modu-
larity [14], with different weights in our case. If there are
no negative links and γ = 1, our modularity reduces to
the original one. Notice that

∑
ij p

+
ij − p

−
ij = m+ −m−,

which equals m in case m = m+ −m−, not by counting
the links but by summing their weights. The difference
is that if we count the links, negative weights have a pos-
itive influence, while if we sum the weights, the negative
weights have a negative influence.

For p+/−
ij there are various options available. In line

with [14], we take the actual degree distribution into ac-
count, and set

p
+/−
ij =

+/−kouti
+/−kinj

m+/− . (5)

We can interpret p+/−
ij as the probability of a link from

i to j. Furthermore, modularity can be rewritten as ad-
hesion between, and cohesion within communities, mak-
ing possible a formal definition of community (see Ap-
pendix); these notions are straightforward extensions of
the earlier spin glass model for positive links [7].

Maximizing modularity is an NP-complete prob-
lem [15], and therefore any algorithm with a feasible
running time will most likely produce suboptimal re-
sults in general. We opted for simulated annealing [16],
which performs well [7, 17, 18, 19], although it’s not the
fastest algorithm [20]. While staying with the modular-
ity approach, one might opt for a faster algorithm in-
stead [21, 22]. We have implemented our algorithm in
the igraph package [23] of the open source program R
[24]. At the time of writing, our implementation was not
yet available in the official release of the package, but it
can be obtained from the first author upon request. We
have conducted standard performance tests [18, 19] and
it performs as expected, compared with the algorithm for
positive links that had already been examined [18, 25].

III. SOCIAL BALANCE THEORY

A long standing interest of social scientists is conflict
between people or other social entities, e.g countries,
which social balance theorists represent by negative links
between these entities [26]. The idea of balance origi-
nated in cognitive dissonance theory [27], which has it
that if two people have a positive relationship, their at-
titudes should match.
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For example, if John (i) and Mark (j) are friends, both
John and Mark should like or dislike the same things.
On the other hand, if they are enemies, they should have
opposite tastes, so if one of them likes something, the
other should dislike it. If we take that “thing” to be a
third person (k), the idea of “social balance” emerges.
In a so called signed graph with link values -1 or 1 (or
0 if there is no link), the triad of i, j and k is said to
be socially balanced if AijAjkAki = 1. The entire graph
is considered to be balanced if and only if all triads are
balanced, and the notion was later generalized to cycles
larger than three [26].

Along with investigating network dynamics, i.e. the
global consequences of local balance restoring by flipping
signs with given probabilities (of foes becoming friends
or the other way around) [28], balance theorists asked
if graphs can be partitioned into communities with only
positive links within, and only negative links between
them. It was proven that a graph can be partitioned into
two communities if and only if it is balanced [8]. Em-
pirically, however, populations of humans in conflict are
often unbalanced to some extent, feature more than two
communities, or both. Although balance theorists were
aware of this complexity and attempted to accommodate
the possibility of more than two communities [29], their
assignment was somewhat arbitrary.

We therefore return to our modularity approach, of
which the clustering of balanced signed graphs into op-
posing communities is a special case. After all, we can
detect communities also in unbalanced and in weighted
graphs. Our modularity approach relates to balance the-
ory through the concept of frustration [30, 31], which
increases in value if nodes that are related by negative
links are assigned to the same community, and decreases
with positive links within communities. A similar but
less general approach was taken earlier [32]. We define
the frustration of community s as

Fs =
∑
ij

(A−ij −A
+
ij)δ(σi, s)δ(σj , s).

If we set γ = λ = 0, we obtain

Q({σ}) = − 1
m

∑
s

Fs.

To compare the frustration of an actual graph with the
frustration in its random counterpart (with probabilities
p
+/−
ij ), we can write

Fs =
∑
ij

(A−ij −A
+
ij)δ(σi, s)δ(σj , s)

−
∑
ij

(cij − bij)δ(σi, s)δ(σj , s),

and thus recover our definition of modularity. In sum,
minimizing frustration is the same as maximizing modu-

larity.2 In contrast to categorically disallowing negative
links within communities, as balance theory has it, our
approach is more appropriate for the messiness of real
life.

IV. APPLICATION

To show how our method can be applied to an empir-
ical network, we analyze international relations, where
positive links are military alliances, and negative links
are disputes. We use the Correlates of War [35, 36] data
set for both alliances and disputes. The data set contains
a wide variety of disputes, for example border tensions
between Colombia and Venezuela, the deployment of Chi-
nese submarines to Japanese islands, and Turkish groups
entering Iraqi territory. In total 512 disputes that took
place between 1993 and 2001 were recorded, in which 138
nations were involved. Disputes were assigned hostility
levels, from “no militarized action” to “interstate war,”
and we chose the mean level of hostility between two
countries over the given time interval as the weight of
their negative link. The alliances we coded one of three
values, for (1) entente, (2) non-aggression pact, or (3) de-
fense pact. The disputes and alliances are normalized to
values in the interval [0, 1] which then bear equal weight
in the overall link value ωij . The largest component con-
sists of 161 nodes (countries) and 2517 links (conflicts
and alliances).

The result of the analysis (Q = 0.534) is shown in
Figure 1. Countries of the same color belong to the same
community, which in this context is more appropriately
labeled a power bloc. How strongly a country belongs
to its power bloc is indicated by color intensity.3 The
power blocs can be identified as follows: (1) the West;
(2) Latin America; (3) Russia & China; (4) West Africa;
(5) North Africa & the Middle East; and, (6) a collection
of “independents” not truly forming a bloc, lacking the
cohesion that other blocs have. If we detect communities
by using only positive links, there is an agreement of
about 64% with the configuration in Fig. 1, while if using
only negative links, there is an agreement of about 30%.

Our result resembles the configuration depicted in
Huntington’s renowned book The Clash of Civiliza-
tions [37], with a few notable exceptions. The West
African power bloc is an additional insight that is ab-
sent in Huntington’s configuration. Furthermore, the

2 Notice that for a graph with only negative links, there will be no
frustration if the number of communities is at least the number
of colors necessary for coloring the graph—the chromatic num-
ber [33, p. 111]. Setting λ = 0 thus yields a graph coloring
algorithm [34].

3 The accounting of the number and strength of links between
communities, and of a subcommunity’s (e.g. a singleton’s) links
to its community, was done by using the notion of adhesion, see
Appendix.
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FIG. 1: Map of the communities in the conflict and alliance network (Q = 0.534). Negative links are red, and positive links
are black.

collection of independents comprises militarily isolated
countries like Afghanistan, Taiwan, Myanmar and Cuba,
but also New Zealand, which according to Huntington
belongs to the West, but has relatively few alliances. A
major difference with Huntington is that China itself does
not constitute a separate bloc, nor does Japan.

If we run the algorithm with γ = 0.1 and λ = 1, North
America merges with Latin America, while Europe be-
comes an independent community, and North Africa and
the Middle East align with Russia and China. When set-
ting γ = 1 and λ = 2, in contrast, former Soviet countries
separate from Russia and form an independent commu-
nity. Using a range of values for γ and λ, one can detect
various layers in the community structure, although it’s
theoretically unknown which parameter values are best
to choose [12]. Setting a smaller γ usually results in larger
communities, as does a larger λ, and may point to com-
munity overlaps. The opposite choices result in smaller
communities, which need not be hierarchically nested,
though, as our data show.

Our configuration does not imply that conflicts take
place between power blocs only, as 24% of all conflicts
actually take place within blocs. For example, Georgia
and Russia had serious conflicts, and Zaire and Uganda
had theirs, but each of these pairs is grouped together
nevertheless. In these cases, the alliances overcame the
conflicts in the grouping, confirming that a configuration

of international relations is more than the sum of bilateral
links.

Our political analysis here is limited, since we wish to
demonstrate the method rather than present a complete
coverage of international alliances and disputes. Other
approaches that could be brought into play are the demo-
cratic peace theory [38, 39], which predicts few conflicts
between democratic countries but fails to predict that in
actuality, most conflicts occur between democratic and
non-democratic countries; the realist school [40], which
emphasizes geopolitical concerns; and, the trade-conflict
theory [41], which argues that (strong) trade relations di-
minish the probability of a dispute, or lower its intensity.
In sum, although Huntington’s configuration of civiliza-
tions was questioned [42, 43], it seems to be fairly robust,
and with some marked exceptions, is confirmed by our
analysis.

V. CONCLUSION

We have extended the existing spin glass approach by
adapting the concept of modularity to detect communi-
ties in complex networks where both positive and nega-
tive links are present. This approach solves a long stand-
ing problem in the theory of social balance, namely the
clustering of signed graphs, which can now be done more
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accurately and more generally. Our formulation of mod-
ularity (2) can also be used to assign roles of nodes based
on their patterns of relations [13].

As a case in point, we have analyzed a social network
of international disputes and alliances. Other applica-
tions could be networks of references on the Web [44]
or in blogs [45]. If in these data positive and negative
references are distinguished, our method makes possible
to detect not only thematic clusters, but also positional
clusters with internal agreement and external disagree-
ment.

For network data, the model’s parameters (λ and γ)
can be used to find smaller (sub) communities by trial
and error, as there is currently no theoretical guidance
to choose parameter values [12]. Even if there were such
guidance, the modularity approach intrinsically aims at
global rather than local optimization. Our implemen-
tation is based on simulated annealing, which performs
quite well with standard tests, although for very large
networks, faster algorithms will be necessary.

Whatever algorithms future researchers will use, or im-
provements of the concept of modularity they will de-
velop, being able to detect communities in networks with
both positive and negative links is important in numer-
ous fields of science, and a stepping stone towards further
analyses of complex networks.

APPENDIX: ADHESION AND COHESION

To facilitate different applications of modularity and
comparison with other theories, the notion can be refor-
mulated in terms of community adhesion. Taking nega-
tive ties into account, and following Reichardt and Born-
holdt [7], we define the adhesion between community r
and s as

ars = (m+
rs −m−rs)− ([m+

rs]− [m−rs]),

or alternatively as

ars = (m+
rs − [m+

rs]) + ([m−rs]−m−rs),

where

m−rs =
∑
ij

(dij + cij)A−ijδ(σi, r)δ(σj , s)

and

[m−rs] =
∑
ij

cijδ(σi, r)δ(σj , s),

with similar definitions for positive links. If we wish,
we can express the expected links between communities,
[m+/−

rs ], analogously to the expected links between nodes,
and modularity can then be written as

Q({σ}) = − 1
m

c∑
r 6=s

ars,

where the sum runs over the communities pair-wise.

As a complement to adhesion between communities,
Reichardt and Bornholdt defined the cohesion, cs, of a
community s as cs = ass. This notion should be carefully
distinguished from other conceptions of cohesion, though,
wherein topological features, like the minimum number
of independent paths connecting pairs of nodes [46], play
a crucial role.

Some further considerations make it possible to define
the notion of community. A configuration of assignments
{σ}∗ is optimal if no re-assignment of nodes improves Q.
Hence, ∆Q ≤ 0 for all nodes and alternative communi-
ties, and for any subset S of nodes in a community α, for
every other community φ,

(aSφ + aφS)− (aSα + aαS) ≤ 0.

Therefore,

(aSφ + aφS) ≤ (aSα + aαS),

which implies that the total adhesion of subset S to the
rest of its community α is always greater than the ad-
hesion to any other community φ. Let’s assume for now
that (aSα+aαS) is negative, then it seems that we could
increase Q by moving subset S to a yet unpopulated
community. But since we examine a configuration in the
ground state, we can’t increase Q, hence (aSα+aαS) ≥ 0,
and the adhesion of S to α is always positive. This is also
true for all nodes l in community α, hence cα is always
positive. Let’s assume for the sake of argument that now
the adhesion between two different communities, α and
φ, is positive. Then we could increase Q by merging the
two communities together, since then

(aαφ + aφα) ≥ 0.

This move, however, would contradict the fact that {σ}∗
is optimal. Therefore the adhesion between any two com-
munities is always negative. It is interesting to notice
that this implies that communities can exist only in re-
lation to other communities, and a community can never
be all-encompassing, analogously to social identities. We
can use these arguments to define a community, general-
izing Reichardt and Bornholdt’s definition. A community
is a cohesive set of nodes (cs ≥ 0) which is distinct from
other sets (asr +ars ≤ 0) and every member is positively
associated with its community (ais + asi ≥ 0). Finally,
we can normalize cohesion and adhesion, n(a), by divid-
ing actual by maximal values such that 0 ≤ n(cs) ≤ 1
and −1 ≤ n(ars) ≤ 0.
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